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1 Black and Scholes formula

Let dS; = S (rdt + odW;) where W is a Q-SBM. We want to compute F (St — K)+ =
E(Srlg,>k) — E (Klg,>k) . We note N (z) = E (ly<,) where Y "2 N (0,1).

B A

1. Show that S; = Spexp ((T - %2) t+ th> law Soexp ((r — %2) t+ a\/iY)
()4 ()T

2. Show that A = KN (d) with dy =

3. Let Zp = Sr¢~.

(a) Show that Q° defined by % = Zr is a probability equivalent to Q.
(b) Show that dZ; = ZiodW;
(c) Show that, dS; = S; ((r + 02) dt + cdW) where W is a Q¥ SBM

In(52 22T
4. Show that B = Spe™” EQ° (1S7>x) = Soe’ N (dp) with dp = %\gz)

2 Margrabe formula
Let

dXy = X, (rdt + oxdW;)
dY, =Y, (rdt + oy dW,")

with d (X,Y), = pdt. We want to compute the value of the exchange option:V =
+
E(Xr— YT)Jr . To do this we rewrite V = F <YT (% — ) >

1. Show that d () = & (= (r = %) dt = oydWy)



2. Show that d (%) = i(,—f ((O’%; — paxoy) dt + axthX — UythY)

3. Exercise 1: Define density Zp = YTgi;T and P2 the corresponding prob-
ability
(a) Show that dZ; = Z;oydW}Y
ow that = — poyt an o= — oyt are
b) Show that W2 = WX dwrY =wY P2 SBM
(c) Show that d(%ﬁ) =% (aXthS’X _o—ythS’Y) = Loy dW?

with oi/y = 0% + 0% —2poxoy and W? is a P> — SBM

4. Show that V = Soe’T EF* (M — 1) where M ' exp (f%af(/YT T ox/yﬁy)
with V"2 N (0,1).

5. Show that V is the BS price of an option with volatility ox/y and nul
interest rate.

6. Application. Let X be the Nasdaq and Y be the S&P500. Suppose that
their volatilities are both equal to 15%. Graph the price as a function of
p. Comment.

3 Garman-Kholhagen

3.1 Exercise

Let S/ a foreign asset denominated in a foreign currency. th is the value of
1 unit of foreign currency in local curreny. All usual quantities with exponent
f refer to foreign quantities. Typically, Btf is the foreign bank account and B;
is the local bank account. The value of the foreign asset in domestic currency
is denoted S;. Remind that the bank account is locally predictable i.e. has no
brownian part.

1. Explain why % is a Qf martingale and why = ;)f Tisa @-martingale.
x/B! . .
2. Show that Z; = =5t is the density of QF w.r.t. to Q.

3. Let dX{ = X/ (uxdt + oxdW,).
(a) Show that necessarily puX =r, —r{.

(b) Show that dZ; ' = Z; ' (—o%dt — oxdW;)
4. Let dSf = 8/ (r{ dt + osdWi ) with d (WF, W) = pdt.

a) Show that dW2 = dW; + poxdt is a Q-SBM
t t
(b) Show that dS! = S ((r{ - pasax) dt + anWf)



5. Application. Let Ny the value of the USD denominated Nasdaq. Let
I; = No
(a) What is the value today of receiving I; EUR in 1 year time ?

(b) Compute it as a function of p for r = ry = 0, oy = 20% and
ousp/eur = 10%. Comment.

3.2 Solution

Q1: As a quoted foreign asset, g—? is a Qf martingale. Since this asset can be

changed in domestic currency at any time, its chaned value is a price and hence

stxf . .
5, isa Q-martingale.

Q2: gfp is a @Qf martingale iff fZ is a @@ martingale. Since S;)ff isaQ

martingale. Hence, for all Q-meas S/, SB)f is a Q martingale iff %Z isa Q
§
martingale. As a result: Z; = %

Q3a: Z; is necessarily a martingale. From a financial perspective, because
it is a quoted asset expressed in domestic bank account units. From a mathe-
matical perspective, because it is a probability density.

Now Ito applied to Z yields

dZ = (ux —r+rp)dt+ ...

Hence Z is a martingale iff the equality holds.
Q3b: Ito applied to Z~1.
Q4a: Girsanov theorem states that

d <Z “tw/f >
2 f ’ t
1t
Using relation 3b : w = —poxdt which is the desired result.

Q4b: immediate from the previous results

4 Tto’s lemma Cheatsheet

Martingale Let P! a probability and P? another equivalent one with density Z w.r.t.
P'. M is a P'—martingale <= ZM is a P?—martingale

Girsanov Let W! a P! — SBM. Let Zr = dP1 and Z; = E (Zp|F;) then W2 =

Wi — g@ is a P> — SBM. With Z; solution of dZ; = Z\dWy,
d<VV7 W1> = psds then @ = pPsAs

Differentiation Let X and Y two diffusions then: d (X;Y;) = X¢dY; + YidX; + d(X,Y),

Tto, 1D df (t, X;) = dt + 2Lax, + 12Ld (X),



Ito,2D df (X,,Y,) = 9LdX, + $5hd (X), + §LdY, + 1 54d(YV), + ZLd(X,Y),

wi X!
Ito, nD Let W = and n dimensional SBM, X = a diffusion
Wﬂ, XTL
011 Ml
with parameters o = s = defined by
O1n Onn ‘un
dX = pdt + odW;
of *f *f
dx1 81% 010z,
Let f: R* - R, Vf = , Hf =
of o%f 2% f
Oz, O0x10xy, ox2

then
1
df = Vf'dX + idXt’Hdet

= (Vf'u + %tr (cﬂHfa)) dt + V f odW,



