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1 Vasicek model

The short term rate at date ¢ is denoted r (¢) and is solution of the following
Stochastic Differential Equation

dr(t) = k(0 —r(t)) dt +odW (t) (1)

r(0) =rg

Exercise 1.1

Show that r, = roe **+6 (1 - e’kt) +o fot e Ft=u) qWW,, is a solution of equation
(1)

Exercise 1.2

Prove that:
L E(r) =roe ™ +6(1—e )

2. Var(ry) = % (1 — 6’2’”)

Exercise 1.3

Discuss the behavior of r (t) for “small” ¢t and “large” ¢. Caracterize what is
small and large and compare with the brownian case (i.e. k= 0)
Define the integrated short-term rate

Exercise 1.4
Explain why X(t) is a gaussian process. Show that

(1 — e‘kt)

E (X (1) = 0t + (6 — o) ~—



Exercise 1.5

Note ¢ (u,v) = cov (1, 7,). Define y () = fg e =W, . Show that
$ (u,v) = 0 (y (u) y (v))

Then show that:

o’ —k(v4u) (,2kurv
o (u,v) = e (e —1)

Exercise 1.6

We want to compute Var (X;).
1. Explain why Var (X;) = Var (fot y (s) ds)

2. Show that Var (X;) = fot fot ¢ (u,v) dudv

3. Prove that

o2

Var (X (t)) = Y] (2kt — 3 + de™Ft — e72M)

Exercise 1.7
Explain why the price of the zero-coupon is defined as
P(T) = exp (=X (1)

Thanks to the previous computation, compute the price of the zero-coupon
as a function of k, o, rg and t.

2 Around B&S Formula

Consider a situation where there is one riskless rate r and where the dynamics
of some underlying price, under the risk neutral probability @ is governed by:

dSt = St (CCdt + O'th)
Sp=1
where W; is a Standard Brownian Motion. ¢ is the volatility and cc the
cost of carrying that underlying. Define the forward price at maturity T as

Fr = E(St) under the Risk Neutral Probability
Define Y; a process similar to S; but with non trend:

dY; = YiodW;
Yo=1

We want to calculate the price of a call option of strike K, and maturity 7'
written on St in that model.



Exercise 2.1

Discuss the value of cc w.r.t. r when:

1.
2.

3.

S is stock paying dividends
S is an FX rate

S is a commodity contract

We want to compute

We define B
with Y '= N (0,1).

CL..)=e T xE?(Sp — K)"
=e " x (E? (Srls,>k) — E9 (Kls,>k))

EQ (STISTZK)7 A= EQ (KISTZK) and N(JC) = E(lygx)

law

~—

Exercise 2.2

1.
2.
3.

Integrate St and Yr.
Calculate Frr as a function of cc and T
Show that ST = FT X YT.

() -7

Show that A = KN (d4) with ds = i

Show that Q° defined by % = Y7 defines a probability equivalent to @
Show that W7 = W; — ¢t is a Q° SBM
Show that, dY; = Y; (ozdt + JthS)

in(5E)+5T

Show that B = Fr xEQ” (17> k) = Fr x N (dp) with dp = ——2=

Exercise 2.3

1.
2.

Thanks to the above write C(...) as a function Fp, K, r, 0 and T

Check that when cc = r the usual B&S formula is recovered



3 Hull-White model

The short rate is modelled as
r(t) =Yz (t)+ o)
i=1

where

and d (Wq, Wa) = pdt. ¢ is a deterministic function such that ¢ (0) = r(0). In
the Vasicek model, one had:

o) =roe 40 (1- e_kt)

Exercise 3.1

Demonstrate the following relationships:

t
muw:m/"fwwﬂmew
0

E(x; (t) | Fu) = 2; (u) (1 - e—aiu—u))

0-12 —2ait
<ffi(t)>=27i(1_e )
. _ PIi9; —(aita;)t
(@i 1) () = 27 (1 )

vij (t,8,u) = cov (z; (), z; (u) | F)
_ POi0; e~ iS oAU (e(ai+aj)s/\u _ e(ai+aj)t)
a; + a;
(i () + 2 {ai (t), 5 ()

1 i<j

{r(t) =

(3

Exercise 3.2

Let I; (¢t,T) = ftT x; (u) a Gaussian variable; Show that:

E(Lt,T)) =M (t,T)x; (t)

1— —a;(T—t)
with M, (1, T) = — ¢~
Q;



and

)

(2)

o (a;+a)(T—1) _

1

— 2 (7 —a;(T—t) _ ~ —2a;(T—t) 2
(I; (t,T)) ; < t+ o e 5
—ai(T—t) _ 1 —a;(T—t) _ 1
(L (6T) 15 (8,T)) = 2220 (T — 1) + . -
a;a; a; a;
<Zli(t,T)> Z (t,T)) +2Z I; (t,T))
=1 =1 i<j
Exercise 3.3
Show that the price of the zero-coupon bond is equal to
P(t,T):exp{ ZM (t,T)z; () + V(t T)}

where ¢ (¢, T) ft

Then show that (;S is characterized by the following relationship between spot

quantities. Comment.

P(0,T)

Eventually prove that:

cap (-é (V(0,7) =V (0, t)))

P(t,T):];( exp( ZM (t,T) z; (t) + AV(tT))

with AV (¢,T) =V (t,T)+ V (0,t) =V (0,T).

(3)

ajJrai



