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How to use these notes. Exercises are gathered at the end of each section and their solutions at the end
of the document. Unless otherwise specified, interest rates are continuously compounded and expressed per
annum: the discount factor for a rate r and a maturity 7 is e="7.

1 General concepts of finance and accounting

1.1 Quick introduction to financial markets

Financial markets are the places where those who need money meet those who save money. This match is not
straightforward: the needs of borrowers (amounts, maturities, risks) rarely coincide with the wishes of savers.
Several families of market participants are involved. Orders of magnitude below are given in trillions of US
dollars (Tn).

1.1.1 Those who need money

Mostly states, corporations and households:
¢ World equity market capitalisation: ~ 100 Tn
e World corporate debt: ~ 90 Tn
e World sovereign debt: ~ 90 Tn

e Households: mostly “contractual” loans such as mortgages, part of which are securitised. For instance,
the US Mortgage Backed Securities market amounts to ~ 12 Tn.

In total, roughly 3 x 104 USD.

1.1.2 Those who save money

Savings are mostly channelled through institutional investors:
e Asset managers: ~ 120 Tn (half of which in equity funds)
e Insurance companies: ~ 40 Tn
e Sovereign funds: ~ 10 Tn

e Endowments and foundations: ~ 2 Tn

1.1.3 Intermediaries

Between the two sides stand intermediaries (banks, brokers, asset managers, etc.) which collect savings, provide
financing and transform maturities and risks.

The added value of financial markets Compared with bilateral arrangements, organised markets bring:

Liquidity: positions can be bought or sold quickly, at a price known to all;

Transparency: prices are public and issuers are subject to disclosure rules;

e Normalisation: standard contracts are easier to compare and to trade;

Risk transfer: risks can be split and transferred to those willing to bear them.

Notion of “security” A security is a financial contract which has been standardised so that it can be
transferred from one holder to another (shares, bonds, etc.). Financial markets have evolved from bespoke
bilateral contracts towards such normalised, transferable securities.
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1.2 Double entry accounting system

In the double-entry accounting system, each financial transaction is recorded by at least two accounting entries.
The balance sheet of an entity shows on one side what it owns (the assets) and on the other side how these
assets are financed (the liabilities, made of equity and debt).

Equity

Assets Liabilities

Debt

Figure 1: Asset and Liability representation

Proposition 1. At any moment in time, for any balance sheet:

Assets = Liabilities = Equity + Debt.

1.3 Joint dynamics of Assets, Equity and Debts
Let Ay, Ey, D, be the respective levels of assets, equity and debt at time ¢, so that A, = F; + D;.

Definition 1 (Leverage). The ratio between assets and equity is called leverage: Iy = ﬂ

Between t and t + At, the balance sheet identity imposes that
AAt = AEt + ADt

The relative variation of equity, i.e. of the wealth of the shareholders, can then be written as

AE, AA, AD,
E, B FE
A AA; Dy AD,
" E. A, E; D
AD;

or equivalently

AE;, AD, AA;  ADy
Ey D, ( At D, )

This accounting identity shows that the excess return of equity over debt is equal to the leverage times the

excess return of assets over debt.

Let us denote 7g = AEt — ADf and T4 = AA‘? — ADDt these excess returns. If the leverage is kept constant,
equal to [, and the excess returns are modelled as stationary random variables, the following linear relatlonshlp
holds:

ﬁ'E =[x ﬁ'A.

As a result, for the expectation and the standard deviation:
g =E (7g) = lna, op =stdev (Tg) = loa.

Definition 2. The extra return of an asset above the cost of financing is called the risk premium (or excess
return) of that asset. Its (forward looking) average is called the “Expected Risk Premium” or “Expected
Ezxcess Return”. The standard deviation of the return of an asset is called its volatility.

The above equations entail the following consequences:

1. An asset whose return is lower than the return of debt has a negative risk premium.
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2. The expected risk premium as well as the volatility of equity are those of the assets, linearly amplified by
the leverage.

Remark 1. In finance, stock quantities (prices, balance sheet items) are expressed in currency units. Relative
variations such as 7 are expressed per unit of time (per annum, per day, etc.): their dimension is T—1. Hence,
one has to be careful about the time unit which has been chosen. In many instances, the “hidden” time unit is
the year: when interest rates are said to be equal to 5%, it implicitly means “5% per year”. With that backdrop,
a day is equal to 1/256 or 1/365 of a year, or something else depending on the convention.

1.4 Limited liability

To foster business development, the principle of limited liability has emerged: shareholders cannot lose more
than what they have invested, so that the value of equity always remains positive. When the company
can no longer pay its bills, or when the value of its assets falls below the value of its debts, it is said to be in
bankruptcy. Since equity cannot become negative, its value is floored at 0, and the losses beyond that point are
borne by the debt holders.

We will come back later to the impact of this floor on the valuation of equity and debt. We can already
relate leverage and bankruptcy risk: what variation of the assets wipes out the equity? Neglecting the return
of debt, equity is wiped out when

TE S —100%
<=lmy < -1

1
<—TA S _7

The higher the leverage, the smaller the fall of the assets which leads to bankruptcy.

Example 1 (Lombard loan). An investor owning 100 borrows 300 through a Lombard loan (a loan collateralised
by a portfolio of securities) and buys 400 of stocks. Its leverage is | = 400/100 = 4. Neglecting interest, a fall
of the stocks of —i = —25% brings the portfolio down to 300, the amount of the loan: the equity of the investor
is wiped out. The position can withstand a fall of at most 25%.

2 Fixed Income and Currency (FIC) forward contracts

2.1 Linear vs continuous rates

In this section, the interest rate is assumed to be constant, equal to r. Interest rates are almost always
expressed per annum, so that they can be compared with one another.

A flow of money is defined by a currency and a date of payment. While it seems obvious that 1 USD #
1 EUR, it is generally less obvious that 1 USD today # 1 USD tomorrow. Think about the promise of
principal protected products: is it really an appealing deal?

Foreign exchange rates are the adjustment factors between the values of one unit of two different cur-
rencies. Interest rates are the adjustment factors between the values of one unit of the same currency paid
at two different dates. Converting a value from one date to another is called compounding when we move
forward in time and discounting when we move backward in time. Since deposits generally earn interest, the
compounding factor is generally greater than 1 and the discounting factor lower than 1.

Let us now give a precise meaning to the above. If r = 5%, what is the value in 2 years of 1 invested today?
If compounding is linear, the compounding factor over a period ¢ is

C=1+rt.

But it could also be agreed that interest is compounded twice during the period, in which case

rt rt

and, more generally, if the period is divided into n sub-periods,

Cn) = <1+’:)n.

The relationship between the compounding factor and the level of the interest rate therefore only makes
sense once a compounding frequency has been agreed upon. This choice is not innocuous, because the com-
pounding frequency is the smallest period over which compounding can consistently be computed: if a monthly
compounding has been agreed upon, how should one compound over a week?
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An answer is to consider the limit of continuous compounding, i.e. n — +o0:

O(t,n) = (1 + f)n
O(t) = lim O(t,n) = €™

n—oo
Discounting being the inverse operation of compounding, the value, seen from 0, of a flow of 1 paid at date
tis By = C;' = e~"*. Compounding and discounting factors can be interpreted as exchange rates between
two dates.
In the actuarial literature, one generally finds By = (1 + 7,)~¢, where 7, stands for the actuarial (annually
compounded) rate. The exponential form is clearer and more tractable, but both definitions are equivalent,
with r, =" — 1.

2.2 Compounding/discounting

Definition 3 (Zero Coupon Bond). A security which pays 1 at a given date is called a zero-coupon bond. The
value at date t of the zero-coupon bond paying 1 at date T is denoted P (t,T).

Definition 4 (Net Present Value). Consider a stream of cash-flows X, paid at dates 7 = {t1,...,t,,}. The Net
Present Value of X is defined by

NPV (t) =Y P (t,1;) x X;.

This NPV can be “transported” to any other date ty:

1

NPV () = NPV (¢) x VIORE

Definition 5 (Duration). The duration of a security is the opposite of the relative sensitivity of its price to the
level of interest rates. For a zero-coupon bond with continuously compounded rate v, P(t,r) = e~ and

OP(t,r)
or
OP(t,r)

P(t,ryor

= —tP(t,r)

so that the duration of a zero-coupon bond is equal to its maturity t: a variation of the rate today impacts the
discounting over the entire life of the bond.

Example 2 (Bullet bond). Compute the value of a bond which pays a coupon at rate r* every year and redeems
all the capital at maturity n, when interest rates are equal to r:

1 1
B(r*,r)=r" -+ 1
( ) ;(1—}-7")1 (14r) (1)
r* 1 1
=—(1- + 2
0 w) )
One notes that:
o r* >r = B(r*,r)>1 (“above par”);
o r* <r= B(r*,r) <1 (“below par”);
o r*=r= B(r*,r)=1 (“at par”).
2.3 Forward Rate Agreements
Let R(t,T) = —ln(};(i_t’tm be the continuously compounded zero-coupon rate and L (¢,7) the linearly com-

pounded rate, defined by P (t,T) = (1+ (T —t) L (t,T))"".

Definition 6. The zero-coupon curve (sometimes also referred to as “yield curve”) at time t is the graph of the
function
T {L(t,T) t <T <t+1 (short term)
R(t,T) T >t+1 (long term)
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Definition 7. A Forward Rate Agreement (FRA) is a contract involving three dates: the current date t, the
expiry date T > t and the maturity date S > T. It allows to lock today the interest rate which will apply between
T and S. At maturity S, a fized payment based on a fixed rate K is exchanged against a floating payment based
on the spot rate R(T,S), which is fixed (“resets”) at T for the maturity S.

The flows generated by this contract are summarised in the following figure:

P(t,T) Discounted Value
.<

Forward Compound

L
T

S

_K(s-T

—P(t,8) x eK(5-T Discounted Value
.<

Since this contract does not entail any initial flow, necessarily
P(t,T) =P (t,8) XD

or equivalently

1 P(t,T)
F(t,T,S):K_S_Tln<P(tjs)>.

F (t,T,5) is called the continuously compounded forward rate. It is such that

R(t,8) = R(t,T) (T—t);i(t,T,S) (S—1T) |

the zero-coupon rate until S is the average of the zero-coupon rate until 7" and of the forward rate between T
and S, weighted by the lengths of the periods.
One can also define the instantaneous forward rate:

L _ OmP(T)
f.T) = Jim F(t.T.5) = — =

Integrating this relation, the zero-coupon bond can be computed (and interpreted) as the accumulation of

instantaneous forward rates:
T
P (t,T) =exp (—/ f(tu) du) .
t

Example 3. Flat rate curve. If R(t,T) =r for all T, then F(t,T,5) = f(t,T) = r: forward rates are equal
to spot rates.

The forward as weighted average between two rates. If R(0,1) = 2% and R(0,2) = 3%, then
F(0,1,2) = w = 4%. When the curve is upward sloping, forward rates are above zero-coupon rates.

2.4 Forward Exchange Rate

We keep the same notation and denote with a superscript f the foreign quantities. For instance, Pf (t,T) is
the foreign zero-coupon bond. Let X; be the exchange rate between the two currencies, meaning that 1 unit of
local currency is worth X; units of foreign currency at date t. If X increases, the local currency appreciates; if
it decreases, it depreciates.

A forward exchange rate agreement allows to lock today the exchange rate which will apply at a future date
T.
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KPf(t,T)
T e
A e
4 A
.'”" K
t 4
1
A\
‘\\~~~P “(tjji_) --------- -
By the law of one price:
P(t,T)
K(t,T)=X———7~
( ’ ) tPf (t, T)

= X, (R () =R (T 1)

So the forward value of the local currency is above its spot value (the local currency trades at a forward
premium) when the foreign rate is higher than the local rate, and below it (forward discount) otherwise.
This is not a forecast of appreciation: the forward rate merely offsets the interest rate differential between the
two currencies.

2.5 Exercises

Exercise 2.1

The exchange rate of US dollars is today 8.50 SEK per dollar. The forward price of a dollar to be delivered in
six months is 8.40 SEK. If the Swedish six month interest rate is 4%, determine the US six month interest rate.

Exercise 2.2

We are August 1°¢. The forward price of a US dollar to be delivered on December 31° is 0.94630 Euros. The
forward price of a US dollar to be delivered at the end of June next year is 0.95152 Euros. Assuming a flat term
structure in both countries and that the Euro interest rate equals 4%, what is the level of US rates?

Exercise 2.3

Boeing just signed a contract to sell a 777 aircraft to Air France. Air France will be billed $300 million, payable
in one year. Air France has the major part of its cash in euros. The current spot exchange rate is 1.090$/€
and the one-year forward rate is 1.112$/€. The annual interest rate available to Air France is 5.0% in the U.S.
and 3.0% in Europe. Air France is concerned with the volatile exchange rate between the dollar and the euro
and would like to hedge its currency exposure.

(a) Describe qualitatively the risk which Air France is taking.

(b) Air France is counsidering a first hedging alternative, which would consist of buying forward the amount
of USD to be paid, thanks to a currency forward contract. What would be the final euro value of such an
operation?

(c) The second hedging alternative would consist of borrowing euros, changing them spot into USD, and
lending these USD so that the amount received in 1 year is exactly $300M. What would be the final euro
value of such an operation?

Exercise 2.4 Problem: multi-period / multi-currency financing

In the following, %" (T') = r¢*" (0,T) stands for the continuously compounded euro zero-coupon rate between
today and date T. The corresponding discount factor is P¢*" (0,7 = e """ (DT The yield curve is displayed
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in Table The (unknown) future zero-coupon rate which will prevail at date ¢ for maturity 7' is denoted
ru” (¢,T), and the (known) forward rate between dates ¢ and T is denoted f*" (0,¢,7) = f*" (¢, T).

reur (T)
3%
3.3%
3.6%
3.7%

=W N =

Table 1: ZC yield curve

A friend of yours needs to borrow 100 000 € for the coming 4 years. He contemplates three possible strategies:
e Strategy SA: contract right now a 4 year ZC loan;

e Strategy SB: borrow money now for the first two years and then, in 2 years time, enter into a new 2 year
loan,;

e Strategy SC: borrow money now for the first three years and, in 3 years time, enter into a 1 year loan.
He asks you for some advice.
(a) Compute the NPV of each strategy as a function of the different rates.

(b) What is the level of the future ZC rate which makes strategy SB winning or losing as compared to SA?
Comment.

(c) Same question for SC.

(d) Eventually, the yield curve remained unchanged during the period. Which strategy has eventually been
the most interesting? Discuss.

(e) Propose a Python or an R code which could fill the forward rates matrix of Table [2| based on the figures
of Table [t

] | T—t=1[T—-t=2|T—-t=3[T—-t=4]

=0

t=1 NA
t=2 NA NA
=3 NA NA NA

Table 2: Forward rate matrix

Somebody draws your attention to the fact that the Japanese yield curve is flat and equal to 0%. It also
seems that the yen keeps on depreciating against the euro (see Figure . So if the euro value of one yen
is lower tomorrow than it is today, borrowing money in this currency seems to make sense (the debt will
lose value). Let Z (t) be the exchange rate of 1 JPY in EUR, with Z (0) = 0.006 EUR/JPY.

1 Yen égal <
0,0062 Euro

24 sept., 14:42 UTC - Clause de non-responsabilité 1] 5j im 1a

1 Yen -

0.0062 Euro ~

0,0083 4 janv. 2020
,,I‘, wrlr 1

Figure 2: EUR/JPY evolution
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(f) Describe a mechanism whereby you would borrow in JPY, change your money into EUR, and redeem the
loan in JPY by changing the money back from EUR to JPY in 4 years time. What would be the NPV of
this scheme as a function of Z (4)?

(g) For which value of Z (4) is the NPV of that deal positive? What is the NPV of the gain if Z (4) = Z (0)?
Comment.

3 Equity forward contract

3.1 One date Cash and Carry arbitrage

An equity forward contract exchanges at date T a fixed amount K, agreed upon at date ¢, against the value
St of a stock. To hedge a long position in this contract, the idea is to sell the stock short at date ¢, invest the
proceeds in the zero-coupon bond until 7', and unwind everything at 7. The P&L at date T is

S, S,
(57— K) = (ST P(t,T)> ~PT) - K

This P&L is not random and is obtained for a zero initial investment. If it were different from zero, it would
be an arbitrage opportunity. Hence:

Sy
P(t,T)
_ G, RET)(T=0)

K=F(T)=

~ Ster(T—t)

Definition 8. The value F (t,T) = % is called the forward value of the asset. The difference between the
forward value and the spot value is called the basis.

When interest rates are deterministic, the relative variation of the forward price is equal to the relative
variation of the spot price minus the relative variation of the zero-coupon bond:

— St
ik =d <P(t7T>>
S, S,dP(t,T)

P(th) P(t,T)2

With a constant rate r, % = rdt, so that if the stock has an expected return g,

E(dFt) = Ft ([L*T) dt :

the forward price trends at the risk premium of the stock.

3.2 Intermediate dividends

Consider now a situation where dividends are paid at intermediate dates (71,...,7},), proportionally to the
forward value at those dates: (%dl, e %dn) The dividends received while carrying the asset reduce
the need for financing, and hence the forward price:

Each dividend is compounded from its payment date T; to T, which is the role of the ratio %.

10 2026-2027
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3.3 Exercises

Exercise 3.1

A share currently trades at 80 USD. Interest rates are equal to 5%, regardless of the maturity. A dividend will
be paid in 6 months. Determine the forward price for delivery in 9 months when:

(a) the dividend equals 0 USD;
(b) the dividend equals 3 USD;

(c) the dividend equals 4% of the value of the stock at that time.

Exercise 3.2

The current forward price of a share to be delivered in six months equals 58 USD. Interest rates are equal to
10% per annum, regardless of the maturity. Determine the spot price if:

a) no intermediate dividend is paid;

(
(b) a dividend of 2 USD is paid in 3 months;

c) a dividend equal to 8% of the value of the stock at that time is paid in 3 months;
(d)

d) a dividend equal to 8% of the value of the stock at that time is paid in 6 months.

Exercise 3.3

The S&P index spot price is 1100 and the 9-month zero-coupon bond price, in % terms, is ZC' = 97.00. You
observe a 9-month forward price of 1109. The dividend is supposed to be paid right before the forward contract
maturity.

(a) What dividend value is implied by this forward price?

(b) Suppose you believe the dividend that will be paid will be equal to 15. What strategy would you undertake?

4 Futures contracts

4.1 Introduction

For a detailed description of the functioning of futures markets, see chapter 2 of [2]. This section follows [I].

Forward contracts are traded over the counter (OTC), mostly on currencies. On organised exchanges, the
dominant contracts are futures contracts. Futures are very similar to forwards, but their trading involves
a mechanism called margining, which changes the nature of their dynamics. As we will see, the difference
between forward and futures prices is very much like the difference between buying a zero-coupon bond and
rolling over short-term deposits. Let S; be the price of the underlying at date t.

4.2 Characterisation of the futures price

Let tg = t,t1,....,t, = T be a series of dates, typically days, and denote H; the futures price. The margining
mechanism ensures that when the futures price changes between ¢; and ¢;,1, the party long the futures contract
receives H(t;41) — H(t;) at date ¢;4; (and pays it if negative). At maturity, H(T) = S(T).

The futures price differs from the forward price because each variation H(t;11) — H(t;) is received at ¢; 41
and has to be reinvested until maturity at a rate which is unknown today. As a result, the futures price cannot
be obtained straightforwardly as a function of observable quantities, as is the case for forward prices.

To better understand the nature of futures prices, we will describe a strategy whose initial value is the
futures price and whose final value can be explicitly described. To do so, we first identify such a strategy for
forward contracts, and then extend it to futures contracts.

11 2026-2027
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4.2.1 Characterisation of forward prices
At date t, the forward price of maturity T can be interpreted as the spot price of 1/P(¢,T) units of stock. Put
differently:

Proposition 2. The forward price is the price at date t of a payoff paying Ijs(gTT)) at date T.

Another way to obtain this result is to consider the following strategy:

1. at date ¢, go long % forward contracts and hold them until maturity;

2. invest an amount equal to the forward price F'(¢,T') in the zero-coupon bond of maturity 7.
The initial cost of this strategy is F'(¢,T), since forward contracts cost nothing, and its value at date T is

F(t,T) 1 R
et P FOT - FET) =

P(t,T)

The proposition then follows from the law of one price.

4.2.2 Extension to futures prices

In the case of futures, the idea is to repeat the previous strategy over each period [t;, t; 1], until T. Let us write
P(i,i+ 1) for P(t;,t;+1) and H(i) for H(t;). Starting at ¢o:

1. At tg, go long % futures contracts and invest H(0) in the riskless zero-coupon bond maturing at ¢;.

2. At t1, unwind the strategy. The corresponding wealth is
1 H(0) H(1)
1 1

P(0,1)  P(0,1)

At 1, repeat the same strategy, now with If([(()ll)) (and not H(0)) as initial wealth:

1. At t;, go long m futures contracts and invest H(1)/P(0,1) in the riskless zero-coupon bond

maturing at to.

2. At to, unwind the strategy. The corresponding wealth is

1 H(1) _ H(2)
P(0,1)P(1,2) (H(2) - H1)+ P(0,1)P(1,2)  P(0,1)P(1,2)"

Let us now introduce the rolled-over discount factor between ¢; and t;: B(t;,t;) == 179;1 P(k,k+1), so that
1/B(t;,t;) is the value at t; of 1 invested at ¢; and rolled over in the short-term riskless account. Note that
B(t;,t;) is random seen from t;, since the future short-term rates are not known yet. At each ¢;, the strategy
consists in:

1. a: (tzlate t;, go long m futures contracts and invest nggi) in the riskless zero-coupon bond maturing

at ti+1;5

2. at date t;41, unwind the strategy. The corresponding wealth is

1 H(: H(i+1
Bt i) 0D = HO) 4 g ey = iy
Iterating until ¢, = T, where H(T') = S(T), the final value of this strategy is
S(T)
B(to, T)
Its initial cost is H(0). Hence, by the law of one price:

Proposition 3. The futures price is the price at date t of a payoff paying % at date T

Futures and forward prices look very much alike: both can be understood as the spot price amplified by the
cost of carrying the asset. However, for the forward price, the cost of carry is known from the start, while it is
random for the futures price.

Proposition 4. When interest rates are deterministic, B(t,T) = P(t,T) and futures and forward prices are
equal.

A further study of the difference between futures and forward prices requires a more detailed modelling of
interest rates.
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4.3 Exercises

Exercise 4.1 Problem: benefiting from the Abenomics

In 2012 and 2013, the Japanese government led by Shinzo Abe adopted massive stimulus plans, sometimes
referred to as Abenomics.

As a result, the Nikkei 225 appreciated by approx. +57% in 2013. On the contrary, the yen depreciated
by approx. -22% against the USD, moving from 87 JPY/USD to 105 JPY/USD. In 2013, interest rates were
approximately equal to zero both in JPY and in USD.

How could a US investor benefit from the Abenomics? Consider the two following strategies:

o Strategy 1:
— Jan 1st, 2013: borrow USD 1M, change it spot into JPY and buy a Nikkei 225 ETF;
— Dec 31st, 2013: sell the Nikkei ETF, change the proceeds spot into USD and repay the USD loan.
e Strategy 2:
— Jan 1st, 2013: borrow JPY 87M and buy a Nikkei 225 ETF;
— Dec 31st, 2013: sell the Nikkei ETF, repay the JPY loan and change the proceeds spot into USD.
(a) Compute the final USD value of both strategies. Discuss.
(b) Consider the two following strategies:

e Strategy 3:
— Jan 1st, 2013: “buy” a 1Y futures contract on the Nikkei 225 with notional JPY 87M;
— Dec 31st, 2013: receive the futures payment at expiry and change it spot into USD.

e Strategy 4:

— Jan 1st, 2013: “buy” a 1Y CME futures contract on USD/JPY with notional USD 1M;
— Dec 31st, 2013: receive the futures payment at expiry.

Compute the P&Ls of strategies 3 and 4. Can you combine them?

(c¢) Eventually, what would have been an appropriate Abenomics “trade”?

5 Pricing models, Risk Neutral Probability

5.1 Risk neutral probability

In corporate finance, the value of a project is usually computed as the “expected value of its cash flows”,
discounted at a rate “corresponding to their class of risk”. But under which probability should this expectation
be taken?

The existence of forward markets provides another way of looking at this question. Consider a probability
measure under which one would like to compute the “expected value of cash flows”. This probability measure
has to give a zero price to any forward contract or, more generally, to any contingent claim with zero NPV. In
other words, it has to be consistent with the absence of arbitrage.

Proposition 5 (No Arbitrage). The following propositions should hold:
1. The price of any cash flow with zero NPV has to be equal to zero;
2. The expected value of an asset under the “pricing measure” should be its forward value.

Let us look for a price functional giving the price of a random flow X7 paid at date T, and see which
constraints it has to satisfy. In the absence of arbitrage, the price of a portfolio is the sum of the prices of its
components, so that this functional is linear. We look for it in the form

Price (XT> = kE® (XT>

where k is a real number and ) a measure, not necessarily positive a priori.
First, consider the claim which pays 1 if the event A occurs and zero otherwise, denoted 14. The price of
this claim has to be strictly positive, otherwise it would be a free lunch. As a result

VA:kE?(14)>0
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which means that @ is a positive measure. We scale @ so that it is a probability, i.e. E9 (1) = 1.
Second, when A = Q, 1 = 1 almost surely and the claim is the zero-coupon bond:

Price(1) =k=P(0,T).

Finally, let X (T') be the price of an asset at date T and F (T) its forward price. By definition of the forward
price, entering a forward contract costs nothing:

Price (X (T)— F (T)) =0
SEQ (X'T) = F(T).
This can be summarised in the following proposition:

Proposition 6 (Fundamental Pricing Theorem). In the absence of arbitrage, any claim can be priced as
the discounted expected value of its cash flows under a probability (Q under which the expected value of any asset
is equal to its forward price. In particular, for any asset with price S (T) whose forward price is F (T), and for
any function g : R — R, one has

Price (g (5' (T))) = P(0,T)E® <g <,§’ (T)>)
and
E@ (5 (T)) — F(T)

Q is called the risk neutral probability (RNP): under @, all assets have the same expected return, equal
to the riskless rate.

5.2 Examples
5.2.1 Stocks
Let S (T) be the value of a stock which does not pay dividends. One has

E? (S (T)) = 5 = Spe'T

Cash and carry with a dividend and a carrying cost. Before turning to dividends paid continuously,
let us come back to the cash and carry argument of Section [3.1]in a slightly more realistic setting. Holding one
unit of the underlying between 0 and 7" now generates two intermediate flows, both known at date O:

e a dividend D received at date Tp;

e a carrying cost C paid at date To (storage and insurance for a commodity, custody fees for a security,
etc.).

with 0 < Tp,Tc < T (their relative order does not matter). Consider a forward contract of maturity 7" and
strike K, and let us sell it. The following strategy hedges this sale operation by operation. To ease notation,
let

Vo=So—DP(0,Tp) + CP(0,Tc)

be the amount which has to be financed at date 0 to carry the underlying until 7T'.
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Operation 0 T, T¢ T
Sell the forward at K 0 K- Sr
Buy the underlying —So +D -C +S7

Borrow until T the present value +DP(0,Tp) -D
of the dividend

Lend until T¢ the present value of —CP(0,T¢) +C
the cost
Borrow the residual amount until T’ +Vo —%
Vo
Total K- —9
ota 0 0 0 P(0,7)

Table 3: Cash and carry arbitrage with a dividend D paid at Tp and a carrying cost C paid at T¢: cash flows
of each operation at each date.

Each line of Table [3] has a simple interpretation:

e Buying the underlying is the hedge of the forward sale: at T', the unit of underlying held is exactly what
has to be delivered, so that St disappears from the total. The forward itself costs nothing at inception.

e The dividend is “consumed” in advance: one borrows its present value today and repays the loan with the
dividend at Tp. The dividend thus reduces the amount to be financed.

e Symmetrically, the money needed to pay the cost at T is set aside today in a deposit. The cost thus
increases the amount to be financed.

e Whatever is still needed, Vjy, is borrowed until T'.

The strategy is self-financing: the intermediate columns all sum to zero, and the only net flow, at date T, is
K —Vy/P(0,T), which is known as of date 0. By the absence of arbitrage, it has to be zero and the forward
price is

‘/0 SO Vig (OvTD)

B B P(0,T¢)
F(OvT)_ P(07T) - P(O’T) -D P(O,T) o P(07T)’

that is the spot price compounded until T, minus the dividend compounded from Tp to T, plus the cost
compounded from T¢ to T'.

What if the forward is quoted at another price?

e If K > F(0,T), the forward is too expensive. One sells it and runs the strategy of Table [3| (cash and
carry): for a zero initial investment, one gets the riskless profit X — F (0,T) > 0 at date T'. Arbitrageurs
selling the forward and buying the underlying push K down and Sy up until the opportunity disappears.

e If K < F(0,T), the forward is too cheap. Omne buys it and runs every line of the table in reverse
(reverse cash and carry): sell the underlying, lend the proceeds until T, etc. The profit at T is
F(0,T7) — K > 0. Note that a short seller borrows the security and has to pay the dividend D to the
lender at Tp (“manufactured dividend”), exactly as in the reversed table. The saving of the carrying cost
C, however, only accrues to someone who actually holds the underlying and sells it.

The forward price is thus pinned down from both sides. In practice, the two strategies do not have the same
cost: bid-ask spreads, borrowing rates higher than lending rates, fees to borrow the security, etc. They only
define a no-arbitrage band around F (0,7T) inside which the forward price can fluctuate. The asymmetry
is particularly strong for commodities: the reverse cash and carry requires to own inventories, which is why
commodity forwards may durably trade below their cash and carry value (this gap is known as the convenience
yield).
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Consequence for the risk neutral probability. By Proposition [6]

So— D P(0,Tp) + C P(0,T¢)
P(0,T) ‘

B2 (S(T)) = F(0,T) =

When D = C = 0 one recovers the previous formula. A dividend lowers the risk neutral expectation of the
future price: since holding the stock gives both the dividend and the final value, the final value alone has to
grow at a rate lower than r. Conversely, a carrying cost raises it.

Let us now consider the limit case where dividends are paid continuously, proportionally to the value of
the stock, at a rate d (continuous dividend yield). What should then be the risk neutral trend p of the stock?
Buying one unit of stock at date 0 gives right to:

1. the value of the stock at any future date t;
2. the flow of dividends d S, ds received between 0 and ¢.
As a result, under the RNP, with E? (S,) = Spet*:

t
So=F </ de ™S, d5> + E (67”5})
0

t
=5y x (d/ e s e(u—r)t>
0
d (n—m)t —r)t
= S x (eu r) _1)+e(u )
n—r

The only way for this equality to hold for any ¢ is

uw=r—d.
So under the RNP, a dividend paying asset trends at the rate r — d:
E® (8;) = Spelm=Dt,

5.2.2 Currencies

For an exchange rate X (T") giving the value in foreign currency of 1 unit of domestic currency, the expected
value is the forward exchange rate:

Pdomestic (0’ T)

I St Rl (rf—rd)T.
P foreign (07 T) o€

E@ (X (T)) — X (0)

5.3 The scaling of variance
We would like to model the price of an asset as the exponential of a Gaussian random variable:
Gyl ¥ (1)
where Y (T') ~ N (1 (T),0% (T)). What is a natural choice for the function ¢ (T)? We choose an arbitrary
subdivision of [0, 7] into n sub-intervals of length 6 = T'/n: 7, = {0,0,24,...,n6 = T}, and write
Y(T):Y(O)—kzn:AYi7 AY; =Y (i6) =Y ((: — 1)9).
i=1

We make two assumptions on the increments AY;:
1. they are drawn from the same law (stationarity), with finite variance;
2. they are independent.

Stationarity means that the variance of an increment only depends on the length of the interval. Independence
then yields that the variances add up:

o2 (t1 +ta) = 02 (t1) + 02 (t2)
so that o (T') is linear in 7. Denoting 0% = ¢ (1) the variance per unit of time:
o?(T) = o*T
o (T)=oVT

The variance grows linearly with the horizon, and the volatility as its square root.
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5.4 The Black and Scholes model
Theorem 1 (Gaussian Laplace Transform). Let X ~ N (,LL,UQ). For any A € R,

E (e/\X) — M
By Theorem [I] choosing for a stock which does not pay dividends
Y (T) ~ N <rT - %UZT, U2T>
= (o ™) = spe’

ensures that the expected value of the stock is its forward price, as required under the RNP. The correction
—%O’QT of the mean compensates for the convexity of the exponential. All the above can also be obtained
through stochastic calculus.

The Black and Scholes model is a model where the underlying price follows a log-normal diffusion, with an
expected return p under the historical probability P and r under the risk neutral probability Q:

dSy = Sy (pdt + cdW,")
_ (rdt + athQ)

and where interest rates are constant, equal to r. In this model,

S, = Spe(rF ) oWt
EF (8;) = Spett
E9 (S,) = Spe"t

Time-varying and stochastic volatility. Nothing in the above requires the volatility to be constant. If,
under @,
dSt = St (’I”dt + O'tth) s

1 (T T
St = Sy exp (rT — 5/ Ugds —|—/ anW5> .
0 0

When o, is deterministic, fOT osdWs ~ N (0, fOT a?ds): everything works as before, with 2T replaced by

then

fOT o2ds. When oy is stochastic but independent of W, the same holds conditionally on the path of the volatility,
and still E9 (St) = Spe™. In both cases, 02T should be interpreted as the integrated variance along the
path, and o2 as the average variance over [0, T):

1 (T
o? = —/ o2ds.
T Jo

6 Option pricing as discounting expected cash flows

6.1 Definitions and properties

As opposed to futures and forwards, options are contracts which the holder may or may not exercise: they give
a right, not an obligation.

Definition 9. The right to buy a stock at some future date T at some predefined price K is called a call option.
The pre-agreed price K is called the strike price and T the maturity of the option. The right to sell a stock
at a predefined strike price is called a put option.

Definition 10. A European option is a payoff which is paid at a given date T, with no intermediate payment
or exercise. An American option can be exercised at any moment between its inception and its maturity.

One should keep in mind that, as shown in Proposition [6] the historical probability P is not the probability
under which pricing is made. Pricing is necessarily made under a probability which ensures that the expected
future value of any underlying is equal to its forward value, i.e. to its spot value increased by the cost of carry.
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Definition 11. A payoff is a function g which describes the amount to be paid as a function of one or several
observable variables: the final value of the asset, its mazimum or minimum, its average, the event of having hit
a barrier, etc. The payoffs of call and put options are

Call (Sp,K) = (Sp — K)*
Put (Sp,K) = (K — Sp)*
with z+ = max (z,0).
Proposition 7 (Call put parity). Since
(S — K)t — (K - S7)" = Sp — K,

a long call and a short put with the same strike and maturity are equivalent to a long forward contract of strike
K:
call (So, K, T) — put (So, K,T) = P(0,T)(F (0,T) — K) .

When no dividends are paid, P (0,T) F (0,T) = Sy and
call (So, K, T) — put (So, K,T) = So — KP (0,T)
=85y —Ke T,

6.2 Factors affecting option prices

We consider European payoffs g which are functions of the final value St of an asset paying a continuous
dividend. The price of such a payoff is

m(So) =e¢"TEY (9(Sr)).

Definition 12 (Intrinsic value). The intrinsic value of a payoff is IV = e~ "Tg (E9 (S7)) = e "Tg (F (0,T)).
It is the price the payoff would have in a model with no randomness.

Definition 13 (Time value). The time value of a payoff is the difference between its price and its intrinsic
value:
Price=1V +TV.

The sign of the time value is related to the convexity of g (Jensen’s inequality). When g is convex, the time
value is positive. When it is concave, the time value is negative.

For calls and puts, the time value:
e is maximal at the money (K close to the forward);

e tends to 0 when the option is deep in or deep out of the money: the option then behaves either as a
forward contract or as nothing;

e increases with the volatility and, generally, with the maturity, since both increase the uncertainty on the
final value of the asset.
6.3 Example of strategies involving options

Several payoff examples can be found in [this document.

6.4 B&S formulas

Let N denote the cumulative distribution function of the standard Gaussian law.

The B&S formula without dividends
C = SyN(dy) — Ke "' N(dy), (3)
P=Ke "' N(~dy) — SoN(—dy), (4)
with
In (52) + (r+"§)T

dy = O’\/T ; (5)

d2 = dl - J\/T. (6)
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The B&S formula with dividends With a continuous dividend yield ¢ (denoted d in Section :
C = Spe ' N(dy) — Ke "I N(dy), (7)
P =Ke "TN(—ds) — Soe " N(—dy), (8)
with
ln(%) + (r—q—l—";)T

dy = o , 9)

d2 = d1 - U\/T- (10)

The B&S formula with forward and zero-coupon as inputs (aka the Black formula)

C=P(0,T)(FN(d)— KN(dz)), (11)
P = P(0,T) (KN(—dy) — FN(~dy)), (12)
with
() +of
dy = oy, I (13)
d2 = dl - O'\/T. (14)

The two previous formulas are special cases of the Black formula, with P(0,7) = ¢™"7 and F = Spe’T or
F = Soe(riq)T.
6.5 Options on different underlyings

The Black formula only requires the forward price of the underlying and the zero-coupon bond of the option
maturity. It therefore applies to any underlying, provided the relevant forward is used:

e stock without dividends: F' = Sy/P(0,T);
e stock with a continuous dividend yield ¢q: F = Soe(r_‘J)T;

e stock with discrete dividends or asset with carrying costs: F' given by the cash and carry argument

(Table [3);

Pdom,estic 0.7
e currency: F'= X, 0.1,

PfoTeign(O’T) Y
e futures contract: F' = H, the futures price, when interest rates are deterministic.

o is then the volatility of the forward price.

6.6 FExercises

Exercise 6.1

(Use a B&S calculator available on the Web.) Determine the price of a European futures call option on a barrel
of crude oil to be delivered in 4 months, which is also the maturity of the option. The futures price today is
Fy = $25.00, the strike price is $23.00 and the volatility of the futures price is estimated to be 25% per year.
The risk-free interest rate is 9% per year.

Exercise 6.2
(Use a B&S calculator available on the Web.)

(a) Calculate the price of a European call option on a share which does not pay dividends before the maturity
of the option. The spot share price is 45 SEK, the option matures in 6 months, the volatility is 25% per
annum, the strike price is 43 SEK and the risk-free interest rate is 5% per annum.

(b) Same question, assuming now that the share pays a dividend of 1 SEK in 3 months, all other assumptions
being unchanged.
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Exercise 6.3

Denote X; the USD vs EUR exchange rate at date ¢, i.e. the value of 1 USD in EUR: 1 USD = X; EUR.
We denote rg and rg respectively the EUR and the USD continuously compounded rates. In what follows,
F (t,T) denotes the forward value of X; for date T > t. EUR is the domestic currency in which all prices are
denominated.

(a) Give the definition of the forward price F'(t,T). At which date is it known? At which date is it paid?

(b) Show that F (t,T) = X,e(re=ms)(T—1),

We now wish to price a call with strike K and maturity T on Xp. Instead of recalculating everything, we
would like to adapt the Black and Scholes formula.

(c) Use the previous formula to find the price of a call option on the exchange rate as a function of rg, rg,
Xp, 0 and T.

(d) Compare the intrinsic value of the call and the amount of money you could get by exercising it. Discuss
when it makes sense to exercise it or not.

(e) Same question for the put.

Exercise 6.4
You are given the following:

e the current price of one share of XYZ stock is 500;

the stock does not pay dividends;
e interest rates are null;

e a European call option on one share of XYZ stock with a strike price of K that expires in one year costs
67;

e a European put option on one share of XYZ stock with a strike price of K that expires in one year costs
19.

Find K.

Exercise 6.5

The PS index has the following characteristics:
e one share of the PS index currently sells for 1,000;
e the PS index does not pay dividends.

Sam wants to secure the ability to buy this index in one year for a price of 1,025 (even if the price eventually
gets lower than 1,025). He can do so by buying or selling European put and call options with a strike price of
1,025. The annual effective risk-free interest rate is 5%. Determine which of the following gives the hedging
strategy that will achieve Sam’s objective, and calculate the cost today of establishing this position.

1. Buy the put and sell the call, receive 23.81
2. Buy the call and sell the put at no cost
3. Buy the call and sell the put, receive 23.81
4. Buy the call and sell the put, pay 23.81

Instead of 1,025, which strike would allow to secure the forward purchase at zero cost?
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Exercise 6.6

Near market closing time on a given day, you lose access to stock prices, but some European call and put prices
for a stock are available as follows:

’ Strike price \ Call price \ Put price ‘

40 11 3
50 6 8
95 3 11

Explain why this pricing table would provide some arbitrage. Propose an arbitrage strategy. (Hint: use the
call-put parity.)
Exercise 6.7

Let X, be the value of a foreign currency expressed in units of local currency. Let r¢ be the (constant) interest
rate of the foreign currency and r; the local interest rate. Let T' > ¢ be a maturity.

(a) Compute the forward value of X;.

(a) Does it increase or decrease with ry? With r;?
(b) What is the “cost of carry” of such an “asset”?

(¢) What would be the risk neutral drift of that exchange rate?
(b) Write the equivalent of the Black and Scholes formula in such a situation (solution: https://en.
wikipedia.org/wiki/Foreign_exchange_option).
Exercise 6.8

(a) In a world without dividends, prove the call-put parity, i.e.
KD (0,T)+ Call (So, K, T,r) = So + Put (So, K,T,7)

where D (0,T) = e~"T is the discount factor, Sy is the initial value of the price, and Call (Sy, K, T,7)
(resp. Put (So, K,T,r)) is the price of the call (resp. put) of strike K and maturity T obtained with the
B&S formula with interest rate r.

(b) Let F be the forward price of S: F (¢,T) = Sie""=*). Thanks to It6’s lemma, compute the drift of F' (¢, T)
under the risk neutral probability. Denote F' = F' (0,T).

(c¢) Prove that, equivalently,
K + Call (F,K,T,0) = F + Put (F, K, T,0)

where the options are now options on the futures contract.

Exercise 6.9 Problem: the Merton model of the firm

This model aims at providing the value of the debt of a company, taking into account its bankruptcy risk. The
company is modelled as follows. Its business value at time ¢ is denoted S, and its initial business value Sy. The
volatility of the business is denoted o. The company has been financed by two means:

1. some initial capital, Ey, from shareholders;
2. some initial debt in the form of a zero-coupon bond of notional D and maturity 7', from creditors.

The company will not pay any intermediate dividend. The riskless interest rate is denoted r. The interest rate
paid by the company equals r + s, where s is a spread above the riskless rate which reflects the fact that lending
money to the company is risky. This means that the value of the risky zero-coupon bond today is De~ ("),
In this framework, the bankruptcy event is defined as S < D.

At maturity, shareholders and creditors share the business value St as follows:

1. Creditors are paid first. If the company is not bankrupt, they are repaid their notional D. If the company
is bankrupt, they take the whole company value.

2. Shareholders are paid second: if the company is not bankrupt, they get Sp — D; if it is bankrupt, they
receive 0.
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Let Fr be the T-forward value of the business. The debt-to-asset ratio, defined as [ = %, is used as a measure
of leverage. When [ = 0, the company is fully unlevered; when it equals 1, it is infinitely leveraged.

(a) Write the final wealth of shareholders as an option payoff. Give the name of this option. Using the Black
and Scholes formula, express the value of equity as a function of the interest rate r, the leverage [, the
volatility o and the maturity 7.

(b) Using the fundamental law of accounting, express the value of the risky debt. Then, using the call-put
parity, find an expression of the spread.

(c) Compute the value of the spread s and of the equity for the following sets of parameters, and comment:

o l T r
20% 1/2 1 0
20% 3/4 1 0
0% 1/2 1 0

(d) More generally, who has an interest in the company taking more risk (o )7

(e) We assume T'=1,1 = 3/4, 0 = 30% and r = 0%. At date 0, the company announces that it will pay to
shareholders an intermediate dividend equal to 5% of the initial value Sy. What is the new forward value
of the company? What is the new leverage? Compute the new value of the share price and of the spread.
Comment.

Exercise 6.10 Problem: hedging a corporate FX exposure

Background: a multinational corporation (MNC) based in France expects to receive USD 100 million from
a U.S. client in 3 months. The CFO is concerned about exchange rate fluctuations, especially after recent
unexpected macroeconomic news which led to increased volatility in the USD/EUR market. By USD/EUR,
we mean the value of 1 USD in EUR, denoted X, with X, = 0.9 today. The future (random) value of the
USD/EUR rate in 3 months is denoted Xs.

According to the CEO, the USD should appreciate against the EUR over the next 3 months, due to expec-
tations of a tighter monetary policy by the FED. On the contrary, the CFO thinks there will be less demand
for USD as a safe-haven currency, and hence that the USD should depreciate. They are not very sure about
what to do...

US rates are equal to rysp = 5% and the euro rate is rgyr = 1%. The annual volatility of the USD/EUR
is 0 = 10%. Rates are continuously compounded.

(a) Does X increase or decrease when the USD appreciates? If the CEO is right, should you hedge the risk
or not? Same question if the CFO is right.

(b) What is the forward value of the USD/EUR rate? Write the formula and calculate a numerical approx-
imation. In EUR, what difference would it make to change USD 100 million at the spot rate or at the
forward rate? If the future value of the USD/EUR equals the forward rate, will it mean that the USD
has appreciated or depreciated?

(c) Explain why the volatility of X3 should be equal to 5%. What is the typical fluctuation of the EUR
equivalent of USD 100 million in three months?

(d) If you do not want to take any risk, what should you do? Will you obtain the support of the CEO or of
the CFO?

(e) MNC hesitates between buying a put option or a call option on the USD/EUR. Which one would be
appropriate? Explain why.

(f) Eventually, the company purchases a European put option on USD 50 million with a strike price of 0.9
USD/EUR, expiring in 3 months. The price of that option equals 1.5% of the notional amount. Graph
the following values as a function of Xsj:

e the EUR value of the USD 100 million in three months;
e the EUR value of the put portfolio, including its premium;
e the sum of both.

(g) Compare this strategy with a full hedge (changing the USD forward). Comment. What would be your
own view on the matter?
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7 Option pricing from hedging: the Black & Scholes approach (com-
plex)

7.1 A PDE for option prices

Seminal papers: [4] and [3].
The asset is assumed not to pay any dividend. Let

e S be the price process, with expected return p and volatility o;
e K be the strike price of the option;

e 7 be the constant positive interest rate;

e T be the maturity of the option;

e W be a Brownian motion.

C or C(t,S;) denotes the call price and P or P(t,S;) the put price. When necessary, C* and C¢ distinguish
between American and European exercise. At maturity, C (T, z) = (z — K)* and P (T,z) = (K —x)".
The spot price is the solution of the following stochastic differential equation, with initial value Sp:

Locally, the variations of the option price are given by It6’s formula:

00 00 1 ,,0C] . 9C
ot "~ "7os T 27 7 Bs? o3

ac = [ + ST+ - dt + = o SdW,.

Now consider a portfolio made of one option and § stocks. Its value V varies as follows:

L [C 00 1, ,0%C ac

If, at each date ¢, § = —%, the Brownian terms disappear and the portfolio bears no risk between ¢ and
t + dt. Its instantaneous return must then be equal to rdt, since any other value would create an arbitrage
opportunity: dV = rVdt with V = C — %S . The price of the option therefore satisfies a partial differential
equation, which no longer depends on u:

oC aC 1 4, ,0°C
—_— — -_— —_— 1
5 +7‘Sas+205’852 rC (16)

O(T,z) = (x — K)*

Equation is known as the Black and Scholes equation. How can it be solved?

7.2 Solving the PDE

The PDE can be solved by standard methods, such as Fourier transforms, or numerically.

The solution of a linear PDE can also be interpreted as the expectation of some function under some
probability, which connects this approach to the previous one. This relationship between PDEs and expectations
is known as the Feynman-Kac approach. Let us sketch how it works.

7.2.1 The Feynman-Kac equivalence

Define a process
dX (t) = p(t, X)dt+ o (t, X) dW; (17
X (0) = Xo

with p and o satisfying a Lipschitz condition, so that equation has a unique strong solution, and its
infinitesimal generator

0 0 0?
Ef(t,x):8—{+u(f,x)£+%02(t,x)a—£. (18)
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For any C'? function f, Ito’s formula yields

df (t,X)=Lfdt + %a(t,X)th.
Now define
Zy=f(t, X)) =E(F (Xr) |F). (19)

By the tower property, for any u > t,
E(F (Xr) |F) =E(E (F (X7) |Fu) | F2)
or equivalently

f (t7Xt) = E(f (quu) |‘Ft)
Zt = ]E(Zu‘ft) .

Z is a martingale. Define the Cauchy problem (a PDE with a terminal condition):

L =0
P(L,F)= /
f(T,Q?) = F(.’L’)

For f (t,X:) to be a martingale with final value F'(Xr), it must not have any finite variation part, hence
Lf(t,X;) = 0 for any possible value of X;, i.e. £Lf = 0. As a result, f is a solution of the Cauchy problem
P(L,F).

Conversely, if f is a solution of the Cauchy problem P (£, F'), then f (¢, X}) is a martingale with final value
F(Xr),ie. fis given by equation .

7.2.2 Application to the B&S PDE

Equation does not immediately define such a Cauchy problem, because of the term rC on the right-hand
side.

To remove this term, we introduce the forward price of the option, C(t,x) = e" T~ C(t,x). The space
1. %g — or(T—1)
: x

derivatives of C' and C are proportiona %—g. The time derivatives, however, differ because of the

discounting;: % = e"(T=1) « (86\7? _ T‘C).
Multiplying equation by e"(T=) therefore yields an equation on the forward price of the option:
LBs¢C

=0
P(L:BS,(I'—K)+) = {C'(T,x) — (x—K)+

where £55 is defined as in equation with p(t, ) = ra and o(t,z) = ox. By the Feynman-Kac equivalence,

Ct,z) =E ((ST —K)T|S, = m) where dS, = S, (rdt + cdW,), that is

O(t,z) = e "T—OEQ ((ST —K)*|S, = :c) :

we recover the risk neutral pricing formula.
With three further changes of variables:

e forward underlying price instead of spot underlying price: z — e"(T—%)

€L
¢ log forward price instead of forward price:  — In(x);
e removal of the drift —10? of the log forward price: y — y — 20*(T — t);

equation becomes, for the forward price of the option u(t,y):

ou 1 ,0%u
ot T2 g 0 (20)
u(T,y) = (e¥ — K)© (21)

which is known as the heat equation.
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8 Hedging and the greeks

8.1 Definition and representation

Definition. The greeks are the sensitivities of the price of an option to its parameters: § = g—g (delta),

r= gZTE (gamma), V = % (vega), © = % (theta) and p = % (rho). They are summarised in Table

Graphical representation. Figure [3] represents the price of a call as a function of the spot. At the current
spot S, the tangent to the price curve has slope § and intercept C' — 5. A portfolio made of § stocks and of an
amount C' — S in cash (negative for a call: it is a borrowing) has the same value as the option and the same
sensitivity to small moves of the spot: it is the hedging (or replicating) portfolio of the option.

price

call price
payoff

C—05¢

Figure 3: Price of a call as a function of the spot (strike 100, volatility 30%, maturity 1 year, 7 = 0) and its
tangent at S = 100. The slope of the tangent is the delta and its intercept C' — §S the cash part of the hedging
portfolio.

Convexity. For a variation AS of the spot, a second order expansion gives
1
AC~GAS + T (AS)?.

The term %F (AS)2 is the distance between the price curve and its tangent. Since I" > 0 for calls and puts, an
option always gains with respect to its hedging portfolio, whatever the direction of the move of the spot.

The hedged position, a little later. This gain is not free: as time passes, the option loses part of its time
value. Figure [4] represents the P&L of a long call hedged with 4 stocks, one month later, as a function of the
new spot. The position loses locally, for small moves of the spot, because of the time decay, and gains on the
wings, because of the convexity. With » = 0, the Black-Scholes equation reads © = —%0’252F, so that, over a
period dt,

P&L ~ %r ((a5)* ~ o2s%at) :

the break-even points are approximately at S (1 +ov dt). The hedged option gains if the spot moves more
than what the volatility o used for pricing anticipates, and loses otherwise.
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P&L

gain (gamma) gain (gamma)

| |
| |
| loss (theta) |
I I
I I
| |

1 1 1 1 ; > Strat
80 90 TT——9—— 110 120

Figure 4: P&L, one month later, of a long call hedged at S = 100 with § stocks (strike 100, volatility 20%,
maturity 1 year, r = 0), as a function of the new spot. The break-even points are close to 100 (1 =+ 20%-+/ 1/12).

8.2 Synthetic summary

Call Opti Put Opti
Parameter Greck — B&S (Call) | CallOption | Put Option

\IV TV Price\ IV TV Price

Delta =295 N(d) SN S NN N\
Gamma 72‘32; gﬁ% SN IR VI Vil I IS VIR
Vega v=2  Sn(d)y/r - a S - e a
Theta O=290 ST pKeTTN() | N N N | A N N
Rho p= %—f K71e " N(d2) /! N\ S ¢ N\ ¢
- gk e N(dy) NN TN N

Table 4: Sensitivities of call and put prices to the parameters of the Black—Scholes model. Arrows indicate the
direction of the change when the parameter increases (IV = Intrinsic Value, TV = Time Value, 7 =T — t is
the time to maturity, n is the standard Gaussian density).

* Almost always true (do the calculations).

8.3 Different approaches
The greeks can be approached in three complementary ways:

¢ Graphical representation: as in Figures 3] and [4] the delta is the slope of the price curve, the gamma
its curvature, and the theta the downward shift of the curve as time passes.

e PDE approach: the Black-Scholes equation reads, in terms of greeks,
1
O+ rSo+ 50252F =rC.
With r =0, © = —%02521“: time decay and convexity are two sides of the same coin.

¢ Rederivation of the B&S formula: computing e="7 E? ((ST — K)Jré with a log-normal St gives the

B&S formula, and differentiating it gives the closed-form greeks of Table
Sn(dy) = Ke ""n(dz), one finds § = N(dy).

For instance, using the identity

8.4 Exercises

Exercise 8.1

Joe believes that the volatility of a stock is higher than indicated by the market prices of options on that
stock. He wants to speculate on that belief by buying or selling at-the-money options. Determine which of the
following strategies would achieve Joe’s goal (see forwardoptionpayoffs.pdf):
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1. buy a strangle;
2. buy a straddle;

. sell a straddle;

]

. buy a butterfly spread;

5. sell a butterfly spread.

9 Options Use Cases

9.1 Building different payoffs
See: https://en.wikipedia.org/wiki/Black%E2%80%93Scholes_ model.

Call Spread, Digital Option, straddle options
9.2 Principal Protected Products
ZC + Call, Spot + Put

9.3 Return enhancement

Selling calls, Selling puts

9.4 Exercises

Exercise 9.1 Problem: a principal protected product

We want to create a portfolio whose final value would be at least equal to its initial value V. To do so, we aim
at buying a zero-coupon bond and some call options on the S&P 500. Let r be the riskless interest rate, T" the
maturity, o the volatility of the S&P 500 and d its dividend yield.

(a) What notional amount of zero-coupon bond should be bought to ensure principal protection? Let Dy be
the initial value of this zero-coupon bond. Express Dy as a function of Vy, r and T'. Define the “cushion”
as Cy =V — Dy. Compute Cp when r = 4% and T = 4.

(b) We consider buying call options on the S&P 500. Let Sy be the price of the S&P today and K the selected
strike price. We want to obtain the following payoft:

o if S > Sp: k‘VQ(%— );
e if S < Sp: 0.

Write the payoff. How many calls, with which characteristics, do you need to obtain this payoff? Determine
k such that the price of those calls equals Cj.

(c¢) Find k when r = 4%, T = 4, 0 = 15% and d = 1.88%. Describe the payoff qualitatively. Compare with
buying the S&P directly. Why is this not an arbitrage?
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Appendix

Some examples of reliable data sources

exchanges etc.

Source Comments Web url Free API / “R
package
Wikipedia A wealth of https://www. Semantic Web,
information about wikipedia.org dbpedia, wikidata,
virtually etc. “R: Glitter
everything.
Bank of Plenty of data https: R BISdata
International about trading //www.bis.org
Settlements volumes, bank
capital etc.
World Bank World macro https://data. R WDI
economic data worldbank.org
ISO Standardized http: R ISOcodes
names for //wuw.iso.org
countries,
currencies,

Yahoo finance

Stock prices
historical
High /Low/Close
and Volume data

https://finance.
yahoo.com/

R yahoofinancer

The Guardian

A reference UK
based daily
newspaper

https://www.
theguardian. com/

Solutions

Table 5: Some reliable data sources

Solutions to the Exercises

Solution 2.1
6.37%.

Solution 2.2
2.90%.

Solution 2.3

https:
//open-platform.
theguardian.com/

(a) Since Air France will have to pay USD in one year, its risk is that the USD appreciates against the EUR.

(b) Buying the USD forward costs, in euros, V7 = $300,000,000/1.112 = €269, 784, 173.

(c) e Lending USD: 300,000,000 x =99 = $285, 368, 827;
e Borrowing the corresponding euros and changing them spot: $285,368,827/1.09 = €261, 806, 264;
e Repaying the euro loan in one year: €261, 806,264 x €03 = €269, 779, 451.

Both alternatives cost the same, up to the rounding of the forward rate: this is the cash and carry
argument of the forward exchange rate.
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Solution 2.4

Questions (a) to (c). The three strategies can be parametrised by ¢, the maturity of the first loan. At ¢,
instead of repaying the loan, one borrows again until date 7. If N is the notional amount, the amount to be
paid at date t is % (which is known). At date ¢, this amount has to be borrowed again until date T', when

N 1
P(0,t) P(t,T)

will have to be repaid. As a result, the NPV of these strategies is

_ P(0,T)
NPV@)N(lP“lﬂP“Jj).

Note that P (¢,7") is random since r (¢,T") is not known today. In terms of interest rates,
NPV (t) =N (1 - e*T(O,T)TJrT(O,t)t+r(t,T)(T7t)) '

The NPV is positive if and only if —r (0,7)T +r (0,8)t + 7 (¢, T) (T —t) <0, i.e.

r(0,T)T —r(0,t)¢t

r(t,T) < f(t,T) where f(t,T):= T

The NPV is positive only if the future rate at date t is below the forward rate.
Question (d). If the yield curve does not move, r (¢,7) = r (0,7 — t). Remark that

r(0,T) —r(0,¢)

t,T)=r(0,T)+1
f( ’ ) T( ) ) T t
If the yield curve is upward SlOpil’lg,

r(0,T)
r(0,T) —r(0,t)

>7r(0,T—t) (because T >T —t)
>0
hence f (t,T) > r(0,T —t). So, when the yield curve does not move, the realised interest rate is below the
forward rate and the strategy is profitable.
Question (e).
y | T—t=1[T—-t=2]T—-t=3[T—-t=4]

t=20 3% 3.3% 3.6% 3.7%
t=1 3.6% 3.9% 3.93% NA
t=2 4.2% 4.1% NA NA
t=3 4.0% NA NA NA
Questions (f) and (g). To obtain N euros today, you need % yen, which you can borrow until date 7.
You will have to repay %Py%m yen, which costs N Z((O) Py%(oj) euros. As a result, the NPV is

NPV=N<1_ Z((g)) 1]::;( 0, ;)

- (1 F((%)

where F (0,T) = Z (0) %EOOJT? = 7 (0) T (1) =r"""(T)) ig the forward exchange rate. The NPV is positive
if and only if
Z(T) < F(0,T),

i.e. if the future exchange rate is lower than the forward exchange rate.

In our example, P¥¢" (0,7) = 1. If the yen follows the trend indicated by the graph, Z (4) might not
increase, and could very well decrease, generating a gain. If the yen depreciates by 30% over the coming 4 years,
Z (4) =70%Z (0) and the NPV is above 30% of the notional.

Solution 3.1
(a) 83.06 USD
(b) 80.02 USD

(c) 79.73 USD
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Solution 3.2
(a) 55.17 USD

(b)
()
(d)

57.12 USD
59.97 USD
59.97 USD

Solution 3.3

(a)
(b)

Let D be the value of the dividend. By absence of arbitrage, 1109 = % —D, hence D = 1134—1109 = 25.

If the dividend paid is 15 instead of 25, the forward price should be 1134 — 15 = 1119: the forward is too
cheap. One should go long the forward, sell the index short and lend the proceeds, which yields a profit
of 10 at maturity.

Solution 4.1

With zero interest rates, borrowing costs nothing and the futures price of the Nikkei is equal to its spot price.
The Nikkei multiplies by 1.57 in JPY and the USD/JPY moves from 87 to 105.

(a)

Strategy 1: the USD 1M becomes JPY 87M, invested in the Nikkei and worth JPY 87 x 1.57 = 136.59M
at the end of the year, i.e. USD 136.59/105 = 1.301M. After repaying the USD loan, the P&L is +USD
0.301M (+30%): the rise of the Nikkei is largely eaten up by the fall of the yen, since the whole position
is exposed to the currency.

Strategy 2: the JPY 87M loan is invested in the Nikkei, worth JPY 136.59M at the end of the year. After
repaying the JPY loan, JPY 49.59M remain, i.e. USD 49.59/105 = 0.472M (4+47%). Borrowing in yen
hedges the principal against the currency risk: only the gain is exposed to the fall of the yen.

Strategy 3: the long futures position on the Nikkei pays 87 x 0.57 = JPY 49.59M at expiry, i.e. USD
0.472M: it is equivalent to strategy 2 (a futures contract is a position financed in the currency of the
underlying).

Strategy 4: the long position on USD/JPY pays 1 x (105 — 87) = JPY 18M, i.e. USD 18/105 = 0.171M
(+17%).

The two strategies can be combined, since neither requires an initial investment: the P&L is then USD
0.472 4+ 0.171 = 0.644M.

The appropriate “trade” was to buy the Nikkei and sell the yen, both through futures: long Nikkei
futures and long USD/JPY futures (i.e. short yen). The equity view and the currency view are then
implemented separately, without being exposed to the fall of the yen on the equity position: each leg
earns its own performance.

Solution 6.1

The appropriate formula is the Black formula for futures. It can be obtained from a Black and Scholes calculator
with the following parameters:

spot = forward = 25;
strike, maturity and rate at their level,;

dividend yield = rate, to ensure that the forward price is equal to the spot price.

The price is 2.53.

Solution 6.2

(a)
(b)

4.832
4.176
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Solution 6.3

(a) The forward price is a quantity known today (¢), paid at date T in exchange for a random quantity, with
no initial exchange of money.

(b) Cash and carry arbitrage, see the section on the forward exchange rate.
(c) Apply the Black formula with ¢t = 0, » = rg and the forward price:
C =e T [FrN (dy) — KN (dy)]
where
Fp = Xge(re=rs)T
I (Fr/K) + 5L

oVT
dgzdl—(f\/f

dy

Hence, the foreign rate plays the role of a dividend yield.
(d) The value of the call is always above its intrinsic value (convexity):
C > (Xoef’"*T — KefT@T)—F .
The value obtained when exercising an American call is

Cer = Xo — K.

For options on stocks without dividends, necessarily C' > C¢,, so that it is always better to sell the call
than to exercise it. In the FX case, if the foreign rate rg is high enough, the intrinsic value can fall below
Xo — K, and it might be better to exercise the call than to sell it.

Solution 6.4

Because interest rates are null, the price of the zero-coupon bond with notional K is K. By the call-put parity,
67 —19 =500 — K

hence K = 452.

Solution 6.5

A long call and a short put with the same strike provide an exposure to one unit of the index, together with a
borrowing of the present value of the strike. By the call-put parity, the cost is

1025
Il — Put = 1000 — —— ~ 23.81
Ca U 000 105 3.81,

which corresponds to answer 4. The strike which allows to secure the purchase at zero cost is the forward price:

K
1000 — —— =0 & K = 1050.
1.05

Solution 6.6

Since we are close to the maturity, we can make the approximation Ke™"7 ~ K. We can thus complete the
table and compute which stock price would allow the call-put parity to hold:

| Strike price | Call price | Put price [ Call - Put + Strike |

40 11 3 48
30 6 8 48
39 3 11 47

Since the stock price cannot be equal to both 48 and 47, this option price table is inconsistent and can be
arbitraged. An arbitrage strategy consists of buying what is cheap and selling what is expensive. By the
call-put parity, a (long call, short put, long zero-coupon) position replicates the underlying.

With strike 55, this costs 47, whereas with strike 50 (or 40) it costs 48. Buying this position with strike 55
and selling it with strike 40, you receive 1 today and have no other cash flow: this is an arbitrage.
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Solution 6.7

The cash and carry arbitrage consists of borrowing in local currency, changing spot, carrying in foreign currency
(hence receiving the foreign short rate) and changing back at maturity. As a result:

F(t,T) = Xen=r)@=1),

The forward price is the expectation of the price at T under the risk neutral probability: E (Xr|X;) = F (¢,T).
If X; is modelled as dX; = X; (udt + odW;), then

o x5

and hence
E (X7p|X) = Xt T=0,

So, under the risk neutral probability, necessarily p = r; — 7.

Solution 6.8

Let St be the (random) price of a given stock at date T, Sy its price today, and K a given amount of money.
Question (a). For any value of Sr,

~ N ~ +
ST+(K—ST) :K+(5T—K) (22)
since
e when Sy < K, both sides are equal to K;

e when S > K, both sides are equal to Sr.

If there are no intermediate flows such as coupons or dividends, by absence of arbitrage (sometimes referred to
as “the law of one price”), the prices of both sides of equation are equal. Since the price is linear:

Price (.§'T> + Price ((K - S'T)+> = Pric: (K) + Price ((ST — K)+>

1 2 4
This proves the statement since:
1. is the price of the underlying, Sp;
2. is the price of the put, Put (So, K,T,r);
3. is the price of a zero-coupon bond with notional K;
4. is the price of the call, Call (So, K, T,r).
Question (b). In the Black and Scholes model,

dSt = St (Tdt + O'th)
under the risk neutral probability. By definition, the forward price is F; = S;e” T and It6’s lemma yields:

dF, = ¢"T=948, + S,d (e’“(T*t))

= Ft (Tdt + O'th) — Ftrdt
= FtO'th

which shows that the forward price has a null drift (it is a martingale) under the risk neutral probability.
Question (c). This question is very similar to the first one, but instead of taking the price of both sides of
equation , we take their risk neutral expectation:

@+E((K5‘T)+> a(?+E((§TK)+)

1 2 4
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Term 1 is the expected value of the spot at date T, i.e. its forward value F' = Spe™”. Term 2 can be related to
a B&S formula with modified parameters:
N T
E ((K - ST) > = T Put (So, K, T, 7)
= KN (—dz) — FN (—di) (23)
with

g — In(So/K)+ (r+0%/2) T
L=
oT
~ In(F/K)+ (0%/2)T
B oVT '

(24)

N
Expressions and show that E <<K — ST) ) is the value of a put option on a futures contract in a
world with no interest rates, i.e. Put (F,K,T,0). The same reasoning applies to the call. Finally, E (K) = K,
which proves the statement.
Solution 6.9

Question (a). Shareholders are long a call option on the firm value at date 7', with strike the amount of debt
to be repaid:
(Sp—D)*.

Hence, using the B&S formula, the value of the equity is

C (T, FT) = eirTFT [N (d1) —IN (dg)]

where
FT = SoerT
S UR e
! oT
U
T oJT

Question (b). Since assets are equal to liabilities, the final payoff of creditors is
D" =8p—(Sp—D)".

By the call-put parity, its value is
D" = De " — P(T, Fr)

where
P(T,Fr) = e " Fr[IN (—ds) — N (—dy)] .

Hence
De 9T = =T, [l —IN (—d2) + N (—dy)]

1
— e T = N(dy) + 7N (—dy)

s = _% In (N(dg) + }N(—d1)>

When leverage goes to zero:

1
Z%O:—ln(l)%Jroo,N(dg)%l,jN(—dl)%O

=s—0
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When leverage goes to 1, the debt is equal to the forward value of the assets:

oVT 4, _oVT
2

l—>1:d1—>T,d2—>

=5 — —% In <2N (—U\2/T>>

which is finite (about 400bp for ¢ = 10% and T = 1) but increases with the volatility.
Question (c¢). With r = 0, Fr = Sy and values are expressed as a fraction of Sy:

o l equity risky debt spread s

20% 1/2  0.500 0.500 ~ Obp
20% 3/4 0.256 0.744 78bp
40% 1/2  0.505 0.495 95bp

With low leverage and low volatility, the probability of bankruptcy is negligible: equity is worth 1 — [ and the
debt is riskless. The spread increases both with leverage and with volatility.

Question (d). When o increases, the value of the call increases, hence the value of equity increases. The
value of the put increases as well, hence the value of the risky debt decreases: shareholders have an interest in
the company taking more risk, at the expense of creditors.

Question (e). Before the dividend, the equity is worth 0.273 .Sy and the spread is 315bp. The dividend
reduces the value of the company to 0.95 Sy, hence its forward value to F. = 0.95 Fr and the leverage increases
tol' = % ~ (0.79. The equity is then worth 0.231 Sy and the spread increases to 421bp. Shareholders receive
0.05 Sy + 0.231 .5 = 0.281 Sy, more than the 0.273 Sy they had: the dividend transfers wealth from creditors to
shareholders. The risky debt is now worth 0.719 .5, instead of 0.727 Sj.

Solution 6.10

(a) If the USD appreciates, one gets more euros for 1 USD, hence X increases. If the CEQO is right, X should
increase and MNC should not hedge. If the CFO is right, the opposite is true.

(b) Since USD rates are higher than euro rates, the forward rate is lower than the spot rate:

Fy, = Xoe(TEUR—TUSD)T

= 0.9 x e 4%/4
~ 0.9 x (1-1%)
~ (0.891

In EUR, this means about EUR 89.1 million instead of EUR, 90 million, i.e. a difference of approximately
EUR 0.9 million. If the future value of the spot equals the forward, the USD will have depreciated a bit.

(¢) The variance of a process with i.i.d. increments is of the form 2T, hence the standard deviation (volatility)
scales as 0v/T. The quarterly standard deviation is thus half of the yearly volatility, i.e. 5%. The typical
fluctuation in 3 months is therefore +5% around EUR 89.1 million, i.e. between approximately EUR 84.6
million and EUR 93.6 million.

(d) No risk means a fixed amount of EUR known today: sell the USD 100 million forward immediately. The
CFO would approve, but the CEO would think that MNC is losing the opportunity to benefit from a
potential appreciation of the USD against the EUR.

(e) The risk of the company is a decrease of X, hence a put option is suitable.

(f) See Figure
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Figure 5: Solution of the FX problem

(g) With a full hedge, we would obtain the yellow curve. In my opinion, we do not have specific prediction
capabilities, and the risk should be hedged.

Solution 8.1

Joe has to be long volatility, i.e. long options. The best strategy is 2 (buy an at-the-money straddle, which
has the highest exposure to volatility). The second best is 1 (a strangle, with out-of-the-money options, is less
exposed). Selling a straddle (3) or buying a butterfly spread (4) are short volatility positions. Selling a butterfly
spread (5) is long volatility, but its gains are capped.

Solution 9.1

(a) Do = Voe "1, hence
Co=Vo(1—eT).

In the example, with V) = 1, Cy = 14.79%.

(b) If one buys n at-the-money calls, the payoff is

n (ST - So)+

Sr +
L1
kv0<50 >

which is the required payoff. k is then obtained by the budget equality:

so that with n = ks—‘go we obtain

Co = kVoCall (S() = ].,K = 1,0, T)
1—e T

k= Call(So=1,K =1,0,T)

(¢) The price of the call equals 14.8%, hence k¥ = 100%. This product provides the performance of the S&P
500 when it is positive, and zero (i.e. the capital back) when it is negative. It looks like an arbitrage but
it is not: the structured product does not receive the dividends, whereas a direct investment in the S&P
500 would.

35 2026-2027



University of Paris 1 Panthéon-Sorbonne Financial Products and Introduction to Pricing

References

1] John C Cox, Jonathan E Ingersoll Jr, and Stephen A Ross. The relation between forward prices and futures
g
prices. Journal of Financial Economics, 9(4):321-346, 1981.

[2] John Hull. Options, futures, € other derivatives. Solutions manual. Prentice Hall International, 2006.

[3] Robert C Merton. Theory of rational option pricing. The Bell Journal of economics and management
science, pages 141-183, 1973.

[4] Myron Scholes and Fischer Black. The pricing of options and corporate liabilities. Journal of Political
Economy, 81(3):637-654, 1973.

36 2026-2027



	General concepts of finance and accounting
	Quick introduction to financial markets
	Those who need money
	Those who save money
	Intermediaries

	Double entry accounting system
	Joint dynamics of Assets, Equity and Debts
	Limited liability

	Fixed Income and Currency (FIC) forward contracts
	Linear vs continuous rates
	Compounding/discounting
	Forward Rate Agreements
	Forward Exchange Rate
	Exercises

	Equity forward contract
	One date Cash and Carry arbitrage
	Intermediate dividends
	Exercises

	Futures contracts
	Introduction
	Characterisation of the futures price
	Characterisation of forward prices
	Extension to futures prices

	Exercises

	Pricing models, Risk Neutral Probability
	Risk neutral probability
	Examples
	Stocks
	Currencies

	The scaling of variance
	The Black and Scholes model

	Option pricing as discounting expected cash flows
	Definitions and properties
	Factors affecting option prices
	Example of strategies involving options
	B&S formulas
	Options on different underlyings
	Exercises

	Option pricing from hedging: the Black & Scholes approach (complex)
	A PDE for option prices
	Solving the PDE
	The Feynman-Kac equivalence
	Application to the B&S PDE


	Hedging and the greeks
	Definition and representation
	Synthetic summary
	Different approaches
	Exercises

	Options Use Cases
	Building different payoffs
	Principal Protected Products
	Return enhancement
	Exercises

	Solutions

